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Introduction
Recall that the definition of the unimodal sequence of weight n is the following [] . The number of the unimodal sequences of weight n is denoted by u(n). For instance, u() = . The unimodal sequences of weight  are {, , }, {, }, {, }, and {}.
Definition . The strongly unimodal sequence of weight n is a sequence just with the condition () in Definition . replaced by:
() For some j, we have
Denote the number of strongly unimodal sequences of weight n by u * (n). For example, u * () = . The strongly unimodal sequences of weight  are {, }, {, }, and {}.
If the unimodal sequences of weight n are not strongly unimodal sequences of weight n, then they are usually referred as weakly unimodal sequences. For example, the sequences of binomial coefficients { In order to introduce the result of Rhoades for u * (n), let us give some notations first.
We define the periodic function ((x)) as follows [] :
Then the Dedekind sum is defined by []
it also can be represented as
Finally, by following Rhoades, we define ω h,k := exp(πis(h, k)). Then Rhoades (Theorem . in [] ) gave a precise asymptotic for the strongly unimodal sequences as follows:
wherẽ
and
As n → ∞, he also described the leading order asymptotic behavior of u * (n),
The generating functions for {u(n)} ∞ n= and {u 
where
On the other hand,
Rhoades explored the relationship between u * (n) and the weakly modular object (-q)
by using a pair of Ramanujan's mock theta functions. It is clear that
Then he proved the following identity.
be the third order mock theta function. Then
+q n is a mock theta function.
It is easy to see that
Remark  (a) It is easy to see that
, Theorem , recently proved a similar identity for U * (q) by using a different pair of mock theta functions. Namely, he established
where 
Statement of results
For the fixed mock theta function M(q) := n≥ c(n; q), we define its associated bilateral series by []
Then the tail of the bilateral series B(M; q) is the following:
In this note, by considering the bilateral series B(U * ; q) and B(f ; q), we define the following new functions:
We mainly want to study the modular properties of these new series and the inner connections among them.
First, recall the Appell-Lerch sums defined by [, ]
Then we give the following results.
Theorem . Suppose we have all of the notation and hypotheses above. Then
is a mixed mock modular form of weight /.
Theorem . Let B(f ; q) is the bilateral series of the third order Ramanujan's mock theta function f (q).
Then
is a mixed mock modular form of weight /. Moreover, letH  (q) = (-q)
Theorem . Suppose we have all of the notation and hypotheses above. Then
is a harmonic weak Maass form of weight / on  (,),
According to the above theorems and the results in the previous introduction, we can deduce the following corollaries directly.
Corollary . Assume all of the notation and hypotheses above. Then
and according to Zwegers [] , then
Corollary . In the notation above, we see that
Remark  Bajpai et al. in [] pointed out that B(f ; q)
is a mixed mock modular form but they did not give the proof of their claim. In this note, we give a reasonable proof in agreement with them. We can express the B(f ; q) in terms of Appell-Lerch sums also.
Proofs of the theorems
In this section, we give the proofs of the four theorems. First, recall that the substitution n → -n in (x; q) n is the following:
In the proof of Theorem ., we consider
Rhoades used the following identity of Choi [, ] to prove the relation which is associated with Lerch sums,
with a = e π iu and b = e π iv .
Let a = b = -, namely take u = v =   in the above identity to obtain
But here we consider the following identity of Ramanujan [] and Mortenson [] .
For a, b = , we have
Let a = b =  in the above identity, it follows that
Namely we have
Finally, the modularity of H  (q) can be proved by the mixed mock modular forms F(q) = (-q)  ∞F (q) of weight / since it is the product of a modular forms and a mock theta function.
According to the proof above, we have
Remark  Therefore, we point out that the inner relationship between Lerch sums and Appell-Lerch sums is the following:
where q = e π iτ , τ ∈ H.
In the proof of Theorem ., we see that
On the other hand, we have
Hence, we get
Therefore, H  (q) is a mixed mock modular form of weight / from the modularity of F(q). Using the results of Proposition , we know thatH  (q) = (-q)
In the proof of Theorem ., we use the following identity of Mortenson in []:
If we let a = b =  in the above identity, then we have
namely we have
Considering the definition of H  (q) and using the above two identities, we can see that ; τ ) is a mock theta function. So isH  (q).
On other hand, in view of Proposition , we know thatF(q) is a mock theta function, combining with the fact that 
